Abstract: This paper presents a method for fast calculation of the ratios and overall efficiency of epicyclic gearboxes applying a general method used for multi-path power flow transmissions. The method may be used as a first estimate for deriving conclusions regarding the manner in which the power is transmitted in multi-path power flow transmissions and has immediate application in tracking down of the situation of closed loop power circulation. In addition, the method presented has direct applicability for the analysis of epicyclic gearboxes, as well as for tracked vehicles' transmissions with multi-path power transmission, during the steering of the vehicle.
INTRODUCTION
Automatic transmissions are used increasingly frequently for cars, and have already become a standard for heavy tracked vehicles. The multi-path power flow allows the overall size of the transmission to be kept within acceptable limits because the power flow transmission uses two or more paths. An accurate assessment of overall efficiency of automatic transmissions must take into consideration the load and velocities of the external elements of the epicyclic gear mechanism [1] .
Methods for kinematic analysis of epicyclic gearboxes have been developed using graphical approaches [2] and analytical approaches [3] ; the analytical methods allow the use of computers to improve the efficiency of the calculations. These methods enable the overall gearbox ratios and the angular velocities of the external elements of the epicyclic gear mechanism (EGM) to be obtained.
A fast analysis of power flows is necessary to evaluate efficiency. Some graphical methods for analysing the kinematics of automatic transmissions and a method for evaluation of the power flows in two-path power flow transmissions were developed in references [2] , [3] , and [4] . Consequently, the loads of the gears can be determined.
A generalized formulation for automatic transmission planetary gear trains methodology, which required a complete static force analysis in order to evaluate the efficiency of the epicyclic gear trains, was proposed by Kahraman et al. [5] .
The last necessary elements needed for the calculation of the overall efficiency of the gearbox are the efficiency of the EGMs. Various methods have been developed, which have in common the taking into consideration of the working parameters of the EGMs (torque and angular speed) [6, 7] .
The analysis of an epicyclic gearbox is intended to evaluate the gear ratio and the manner in which the power flows circulate. Eventually, the analysis must emphasize the evaluation of the overall efficiency of the epicyclic gearbox for every stage.
The current authors [8] have presented an exhaustive methodology that allows the calculation of the speeds and loads of the all of the elements in the transmission, including EGMs. The methodology allows the calculation of the overall efficiency of the transmission; it uses relations derived from the basic kinematics and torques balance of the EGMs and offers high accuracy. The price of this accuracy is the large amount of calculation and the high level of expertise needed for the equation formulation.
The actual paper presents a generalized methodology applied for assessing the power flow and the overall efficiency of multi-path power flow transmissions, with direct application to automatic transmissions. The proposed methodology proved to be useful and efficient as a first estimate, but also offers the potential for further developments to achieve better accuracy.
THE EPICYCLE GEAR MECHANISM
Epicyclic gearboxes consist of EGMs, brakes, and clutches. There is a large variety of EGMs, but the most frequently used have two or three degrees of freedom (DOF). Figure 1 presents the kinematic diagram of the most used EGM with two DOF; its structure consists of a sun gear, a planet gear and a carrier arm with satellite gears.
The general kinematic equation of the EGM is
where i 0 1;2 is the ratio when the power is transmitted from element 1 (the sun gear) to element 2 (the planet gear), the element 0 (carrier arm) being fixed, and v is the angular velocity of the element 1, 2, or 0 respectively.
Regarding the indices that indicate the elements of the EGM, the following rules apply (where n represents the total amount of EGMs within the gearbox):
(a) for sun gears: 1, 4, . . ., 3j -2, . . ., 3n -2; (b) for planet gears: 2, 5, . . ., 3j -1, . . ., 3n -1; (c) for carrier arm: 0, 3, . . ., 3j -3, . . ., 3n -3.
From equation (1) results the definition of the relative ratio i
By immobilizing the carrier arm, the EGM transforms into an ordinary gear mechanism, so the ratio i 0 1;2 could be calculated using the following relation
where n e is the number of external meshes of the EGM, considering the existence of a single ring gear, and K represents the constant of the EGM, calculated with the relation and the equation (1) takes the following aspect
Taking into consideration the relation (1), and imposing the condition v 1 ¼ 0, the following relation results
Similarly, imposing the condition v 2 ¼ 0, results in
The relations (6) and (7) allow any relative ratio to be expressed as a function of i 0 1;2 . Consequently, in a generalized form, the equation (1) becomes
where i z x;y represents a relative ratio between the element x and the element y, the element z being immobilized.
Regarding the torques, noted T, acting on the external elements of the EGM, the following equations apply
For the specific case of the EGM considered above, the equations (9) and (10) become 
An important conclusion from equations (11) and (12) is that if a torque acting on an external element becomes null, all other torques become null as well.
TRANSMISSIONS WITH TWO-PATH POWER FLOW
The usage of EGM with two DOF allows the power flows within structures to be transmitted through two or more paths. A multi-path transmission consists of several gear units and an EGM connected in order to constitute a structure. Figure 2 presents the simplest structure of a two-path power flow transmission. The structure consists of the gears noted C and R respectively, and the EGM K. The EGM acts as a summing mechanism of the power flows transmitted through the gears C and R, respectively.
In order to calculate the overall ratio of the transmission, noted i ab , it is necessary to express the angular velocities of the EGM external elements
Introducing the relations (13), (14), and (15) into equation (8) , and taking into consideration the rule provided by the relation (7), finally results in
After a few transformations, the relation (16) becomes
where i acb ¼ i a;x i y x;z represents the overall ratio of the path from a, through the gear C, to the output b, and i acra ¼ i a;x i z x;y i ya represents the overall ratio of the closed loop starting from input shaft a, through the gear C, and the gear R (in the opposite direction) to the input shaft a.
Detailing the components of the overall ratios described above results in
The relations (18), (19), and (17) allow fast calculation of the overall ratio of the transmission.
POWER FLOWS AND EFFICIENCY OF THE TWO-PATH POWER FLOW TRANSMISSION
For any type of transmission, the ratio is a rational function, F, having as variables the partial ratios of all the transmission components:
where i ab is the transmission overall ratio, v a is the angular velocity of the input shaft, v b is the angular velocity of the output shaft, a is the input shaft, b is the output shaft, and i q is the ratio of the transmission component q. The calculation of the ratio depends on the structure of the transmission components; for the particular case of the two-path power flow transmission the rationale function for ratio calculation is given by the relation (16).
The following relation defines the overall efficiency of the transmission
whereP a is the input power,P b is the output power, and the tilde symbol ($) applies to the real torques and powers in order to indicate the difference from ideal values. Taking into consideration the definition of the power, the following relation results for the efficiency h a,b
whereT a is the input torque,T b is the output torque, andĩ a;b is the torque transformation ratio defined as
The torques transformation ratio is expressed by the same function F, but having as variables the Consequently, the exponent u q is calculated as
Taking into consideration the relations (20), (22), (24), and (25), the following relation results
If P t represents the power losses of the transmission, then the overall efficiency may be expressed as
Meanwhile, the power loss, P t , is the sum of the power losses of the transmission components
where n represents the number of components (ordinary gears and EGMs). Introducing the relation (29) into the relation (28), the following relation results
The derivative of the overall efficiency with respect to the efficiency of the component q is 
The same derivative calculated taking into consideration the relation (30) gives
Analysing the expression within the brackets, results in
and may be neglected. Consequently, from the relations (32) and (33) results
and because the ratio i a,b and the torque transformation ratioĩ a;b are expressed by the same function F, this results in
The input powerP a does not depend on the existence of power losses; consequently
Finally, from equations (34), (35), and (36) the following relation results
When the efficiency of the component q tends upwards to 1 (the ideal situation of no power losses), the powerP q tends upwards to P q , which then represents the power flow through the component q in the absence of the power losses
because in the relation (33)
Defining the power coefficient b of the component q as
the relation (37) becomes
The relations (38) and (39) allow the fast calculation of the ideal power flows through the components of the transmission. The existence of the power losses does not change the direction of the power flows; consequently signP q ¼ signP q and from the relation (26) results
From the relations (39), (38), and (40), the final relation which allows the calculation of the exponent u q results in
In conclusion, for the fast calculation of the power flows and of the overall efficiency of the transmission, it is enough to know the functions F j for each stage j of the gearbox. For the particular situation of the epicyclic gearbox, the relation (27) becomes
where the exponents u q are determined using the following relation
APPLICATION OF THE METHOD
In order to illustrate the usage of the above-described method, the kinematic diagram of a four-stage epicyclic gearbox is considered; the diagram is presented in Fig. 3 [8] . The analysis of the transmission investigated in reference [8] allows a comparison to be drawn between the amount from the calculations and from the results. The gearbox consists of three EGMs, three brakes, and a clutch interconnected; the gearbox has two DOF. Figure 4 presents the equivalent block diagram drafted according to the kinematic diagram.
Regarding the indices that indicate the elements of the EGM, the following rules are introduced (where n represents the total amount of EGMs of the gearbox):
(a) for sun gears: 1, 4, . . ., 3j -2, . . ., 3n -2; (b) for ring gears: 2, 5, . . ., 3j -1, . . ., 3n -1; (c) for carrier arm: 0, 3, . . ., 3j -3, . . ., 3n -3.
Each stage is realized by operating a single friction element. Table 1 presents the sequence of the brakes and clutch usage for obtaining the stages of the gearbox.
For the first stage, taking into consideration the EGM noted K 3 , it may be observed that the torque T 8 is null because the brake B 3 is not operated. Consequently
Following a similar line of argument, the following equation results The entire power flow is transmitted through the EGM denoted K 1 , used as demultiplier, with the element 2 fixed. The overall ratio for the first stage is
and, after transformations, taking into consideration the relations (7) and (4)
The efficiency of the transmission is calculated using the relation (42)
The power flow transmission uses a unique path, therefore it results in u q ¼ þ 1. In order to perform the numerical calculations, an average value is taken into consideration for the efficiency of the EGM: h ¼ 0.9653. Consequently, for K 1 ¼ 3.64, the efficiency in the first stage results in
For the second stage, the coupling of the brake B2 determines that the power flows are transmitted through the EGMs denoted K 1 and K 2 . Figure 5 presents the simplified block diagram of the gearbox in the second stage; this diagram is similar to the diagram presented in Fig. 2 , with the difference that gear R is missing, so the ratio i R ¼ 1.
The ratio i C can be easily calculated using the relation (7)
The application of the relation (17) conducts to the following relation for the overall ratio in the second stage
Using the relations (6), (7), and (45), the final expressions for the gearbox ratio becomes
The power flow transmitted through EGM K 2 is evaluated using the relation (38)
The result of the above expression is
The direction of the power flow is determined using the relation (41)
The power flows are indicated on the block diagram presented in Fig. 5 , although it should be noted that these values do not take into consideration the power loss. In order to evaluate the power loss, the overall efficiency of the gearbox has to be evaluated. Consequently, assuming that all EGMs have the same efficiency (h i ¼ h, i ¼ 1, 2, 3), the efficiency for this stage has the following expression
It may be observed that, despite the use of two EGMs, the overall efficiency is greater compared with the efficiency of a single EGM, owing to the sharing of the power flows on two paths. The third stage implies the work of all three EGMs. For a better understanding of the method applied, the elements area rearranged so the existence of two superimposed transmissions with two paths of power flow becomes obvious. Figure 6 presents the block diagram valid for the third stage of the gearbox. For the first two-path transmission structure, the EGM K 3 plays the role of transmission unit C, and has the ratio denoted i C1 ; at the same time, this structure plays the role of transmission unit C for the overall gearbox, having the ratio denoted i C2 . torque transformation ratio defined as the ratio between the output torque,T b , and the input torque,T a i acb overall ratio of the path from the input shaft a, through the gear C, to the output shaft b i acra overall ratio of the closed loop starting from input shaft a, through the gear C, and the gear R (in the opposite direction), to the input shaft a i z x;y epicyclic gear mechanism ratio when the power is transmitted from element x to element y, the element z being fixed K i constant of the EGM i, calculated as a ratio between the product of the teeth numbers of the driven gears and the product of the teeth numbers of the driving gears n total amount of EGMs of the gearbox n e number of external meshes of the EGM P i ideal (unaffected by power losses) power flow of EGM element ĩ P i real power flow (affected by power losses) of EGM element i T i ideal torque (unaffected by power losses) of epicyclic gear element ĩ T i real torque (affected by power losses) of epicyclic gear element i u i exponent of the efficiency of the planetary gear mechanism i x, y, z generic indices for the external elements of the EGM Z 1 number of teeth of the sun gear Z 2 number of teeth of the planet gear h i efficiency of the EGM i, calculated for input on sun gear, output on planet gear, and fixed carrier arm (h a,b ) i gearbox overall efficiency for the stage i v i angular velocity of the element i
